
Journal of Computer and Knowledge Engineering, Vol. 6, No. 1, 2023. (59-70) 59 

DOI: 10.22067/cke.2023.74745.1047 

 

 

P-Centrality: An Improvement for Information Diffusion 

Maximization in Weighted Social Networks* 
Research Article 

Najva Hafizi1, Mojtaba Mazoochi2 , Ali Moeini3, Leila Rabiei4, Seyed Mohammadreza Ghaffariannia5 

 Farzaneh Rahmani6 

 

 

Abstract: Online social networks (OSNs) such as Facebook, 

Twitter, and Instagram have attracted many users all around 

the world. Based on the centrality concept, many methods 

are proposed in order to find influential users in an online 

social network. However, the performance of these methods 

is not always acceptable. In this paper, we proposed a new 

improvement on centrality measures called P-centrality 

measure in which the effects of node predecessors are 

considered. In an extended measure called EP-centrality, the 

effect of the preceding predecessors of node predecessors are 

also considered. We also defined a combination of two 

centrality measures called NodePower (NP) to improve the 

effectiveness of the proposed metrics. The performance of 

utilizing our proposed centrality metrics in comparison with 

the conventional centrality measures is evaluated by 

Susceptible-Infected-Recovered (SIR) model. The results 

showed that the proposed metrics display better performance 

finding influential users than normal ones due to Kendall’s τ 

coeff icient metric.  

Keywords: Centrality Measures, Influential Users, Online 

Social Networks, Susceptible-Infected-Recovered Model 

 

1. Introduction 

Online social networks (OSNs) have attracted many users all 

around the world. Online social networks such as Facebook, 

Twitter, and Instagram are a framework to exchange and 

disseminate information [13]. Social graphs are used to 

describe social networks, in which the nodes are users and 

the edges indicate the relationship between them such as 

friendship, retweet, etc. Influence Maximization (IM) is the 

problem of finding the most influential users in a network to 

spread out the information to a wider population [1]. An 

influential user is a super spreader who spreads the 

information among larger groups of people [15]. Different 

methods have been proposed to find these influential users. 

Centrality measures play an important role in finding an 

influential user for a large amount of data [16]. In these 

methods, the centrality of the node is used to calculate the 

importance of any given node in a network. Centrality 

methods find the most important nodes through the value 

function on the nodes and the nodes are ranked by these 

values to identify the influential users. In this paper, we 
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proposed new centrality measures to find influential users in 

social networks. The importance of the predecessors of a 

node in a directed graph impacts the importance of the node. 

K nodes with the highest scores are considered as seed nodes 

to spread the information through the social network. The 

layout of the paper is as follows: Section 2 reviews centrality 

methods that are used to find influential users. In Section 3, 

the proposed method is described. Then the experimental 

results are presented in Section 4. Finally, the conclusion is 

summarized in Section 5. 

 

2. Centrality measures 

Social networks are networks in which the vertices are 

people and the edges represent the social interactions 

between them, such as friendship, retweet, etc. [14]. These 

networks are assumed as a graph 𝐺 =  (𝑉, 𝐸) in which 𝑉 is 

the set of users and 𝐸 represents the set of edges showing the 

relationships between the users. A subset S of all users 𝑉, 

𝑆 ⊆  𝑉 , is a set of seed nodes that can spread the influence 

to a larger group of users. A diffusion model indicates the 

spreading of information for 𝑆 through social network 𝐺. The 

influence spread (or influence function) of seed set 𝑆, sigma 

is the expected number of users which are influenced by 𝑆 at 

the end of diffusion process [19]. Influence spread is a non-

negative set function denoted as 𝜎𝐺,𝑀(𝑆), in which its input 

is the set of seed nodes and its output is the number of final 

influenced users. 

 According to the influence spread, the influence 

maximization problem is defined. Considering a social graph 

𝐺, a diffusion model 𝑀 and the number of seed nodes 𝑘, 

influence maximization is an optimization problem of 

selecting seed set 𝑆∗ of 𝑘 users from 𝑉 maximizing 𝜎𝐺,𝑀(𝑆) 

[19]: 

𝑆∗ = 𝑎𝑟𝑔𝑚𝑎𝑥𝑆 ⊆ 𝑉,|𝑆|=𝑘𝜎(𝑆)  (1) 
 

 The most common proposed centrality measures to find 

influential users are listed below: 

2.1. Degree centrality 

The degree of a node is the number of edges or neighbors the 

node has in a network. In this method, the user with the 

highest degree is an influential user. Freeman [3] developed 

a mathematical model based on the edges connected to a 
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node. The degree of each node is calculated as follows: 
 

𝐶𝐷(v𝑖)  =  deg𝑖𝑛(v𝑖)  =  ∑ e(v𝑖  , v𝑗  )v𝑗 ∈ neighbor(v𝑖)           (2) 

 

 where e(vi , vj)  is the edge between vi and vj . It’s equal 

to 1 when there is an edge between v𝑖  and v𝑗, otherwise, it is 

0 [5]. The time complexity of this centrality is 𝑂(𝑚), where 

𝑚the number of edges in the network is. In directed graphs, 

in-degree or out-degree can be calculated as: 
 

𝐶𝐷𝑖𝑛
(v𝑖)  =  deg𝑖𝑛(v𝑖)  =  ∑ e(v𝑖  , v𝑗  )v𝑗 ∈ neighbor(v𝑖)     (3) 

 

𝐶𝐷𝑜𝑢𝑡
(v𝑖)  =  deg𝑜𝑢𝑡(v𝑖)  =  ∑ e(v𝑖  , v𝑗  )v𝑗 ∈ neighbor(v𝑖)    (4) 

 

 For normalization, degree centrality is calculated as below: 

C𝐷
′ (v𝑖)  =  

𝑑𝑒𝑔(v𝑖)

𝑛 − 1
    (5) 

 

 where 𝑛 is the size of the network. The limitation of degree 

centrality is that only local information of a vertex in the 

network is considered to find the importance of the nodes [2]. 

2.2. Closeness centrality 

Closeness centrality considers the distances between a node 

and all others to calculate the score of the node [9]:  
 

𝐶𝑐(𝑣𝑖)  =  
1

∑ 𝑑(𝑣𝑖𝑣𝑗∈𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟(𝑣𝑖) , 𝑣𝑗)
                                    (6) 

 

 where 𝑑(𝑣𝑖  , 𝑣𝑗  ) is the distance between 𝑣𝑖 and 𝑣𝑗. The 

time complexity of this centrality is 𝑂(𝑛3), where 𝑛 

represents the number of nodes and is not applicable to most 

large networks [10]. For normalization, closeness centrality 

is calculated as follows: 
 

𝐶𝑐(𝑣𝑖)  =  
𝑛 − 1

∑ 𝑑(𝑣𝑖𝑣𝑗∈𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟(𝑣𝑖) , 𝑣𝑗)
                                    (7) 

 

2.3. Betweenness centrality 

Betweenness centrality is based on the shortest path. It 

counts the number of shortest paths that pass through a node 

to rank the given node [6]. 
 

𝐶𝐵(𝑣)  =  ∑
𝜕𝑠𝑡(𝑣)

𝜕𝑠𝑡
𝑠≠𝑣≠𝑡

                                                            (8) 

 

 where 𝜕𝑠𝑡(𝑣) is the number of shortest paths from node 𝑠 

to node 𝑡 passing through node 𝑣, and ∂st is the total number 

of shortest paths from node 𝑠 to node 𝑡. The best time 

complexity for this method is 𝑂(𝑚𝑛) for unweighted 

networks [7]. Betweenness centrality changes significantly 

with the variation of the network structure [8].  

2.4. PageRank centrality 

PageRank is a global measure based on iterative calculation 

[11]. PageRank centrality is calculated as below:  
 

𝑃𝑅(𝑢)  =
1−𝑑

𝑁
 +  𝑑  ∑  𝑃𝑅(𝑣)/𝐿(𝑣)𝑣∈𝑃(𝑢)                          (9) 

 

 where 𝑁 is the count of nodes, 𝑃(𝑢) is the list of 

predecessors of u, L(v) is the number of out-degree links 

from v, and d is a damping factor usually set to 0.85 [12]. To 

calculate the PageRank centrality a random walk continues 

on the edges of the graph until convergence. The time 

complexity of this centrality is O(n+m). 

 

2.5. K-shell centrality 

In k-shell decomposition, the graph is pruned so that all the 

nodes in the 𝑘𝑡ℎ shell have a minimum k-degree [4]. In this 

method, a network is split into a k-shell structure and at the 

end of the process, each node is placed in a shell. In the first 

step, all nodes with degree=1 are pruned and placed in 𝑘𝑠  =
 1. This procedure continues until there is no node with 

degree=1. All of these nodes are placed in the first shell. In 

the next step, all the nodes with degree=2 are removed and 

the process is prolonged until all the remaining nodes have a 

degree larger than 2. The pruning process will continue until 

all the nodes are placed in the shells. The shell with the 

highest shell number is called the core of the graph and the 

nodes that are placed in the core are influential users. The 

complexity of this centrality is 𝑂(𝑛) and it is suitable for 

large networks. 

2.6. Katz centrality 

This centrality considers the total number of walks between 

a pair of nodes to find influential users [20]. In other words, 

all network paths are considered in this method. Katz 

centrality 𝐶𝐾(𝑖) of a node 𝑖 is calculated as follows: 
 

𝐶𝑘(𝑖)  = ∑ ∑ 𝛼𝑘(𝐴𝑘)𝑗𝑖
𝑛
𝑗=1

∞
𝑘=1   (10) 

 

 Element (𝛼𝑖𝑗) of A is equal to 1 if there is a link between 

i and j and 0 otherwise. Katz centrality has high 

computational complexity 𝑂(𝑁3). 

2.7. Eigenvector centrality 

This centrality is based on eigenvector of the greatest 

eigenvalue of the adjacency matrix. User influence is 

proportional to the sum of neighbor’s influence score [21]. 

Eigenvector centrality for node 𝑖 is calculated as below: 
 

𝐴𝑥 =  𝜆𝑥, 𝜆𝑥𝑖 =  ∑ 𝑎𝑖𝑗𝑥𝑗 ,𝑛
𝑗=1  , 𝑖 =  1, 2, . . . , 𝑛  (11) 

 where 𝐴 is the adjacency matrix and λ is a constant. 

 

3. Proposed method 

In this article, two improvements in centrality measures are 

proposed called P-centrality measure and an Extended P-

centrality measure that is called EP-centrality measure to 

find influential users in the social network. The idea behind 

these improvements is the property of “Page rank” which is 

“Page is more important if it has more links” and “Links 

from important pages count more”, the influence of each 

node in the graph depends on the influence of previous nodes 

of that node [23]. It leads to the importance of the 

predecessors to calculate the node’s score in social networks 

by considering the number of interactions between users. 

High number of interactions between two users shows a 

close relationship between them. The closer a relationship, 

the more impact the predecessor has on the node. To quantify 

this impact, we first scale the edge weighs with logarithmic 

scale and then the results are normalized to [0.1, 0.9] range 

to use them as coefficients for representing the influence of 

the predecessor. After converting edge weights to 

coefficients, the score of each node in P-centrality measure 

is calculated as follows: 

P − centrality𝑖 = (centrality𝑖 ∗ |𝑝𝑖|) 
 

                             + ∑ (centrality𝑣 ∗ 𝑐𝑣𝑖)
v∈𝑃𝑖

 

(12) 
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 where 𝑝𝑖  is the set of predecessors of node 𝑖 and 𝑐𝑣𝑖 is the 

coefficient obtained from the edge weight of 𝑣 to 𝑖. Since the 

influence of a node itself and its predecessors is not equal, 

there are two weights in this equation, one of them is |𝑝𝑖| and 

the other one is 𝑐𝑣𝑖. 𝑐𝑣𝑖  reduces the value of the predecessor’s 

centrality, because it has a value between [0.1 𝑎𝑛𝑑  0.9] and 

|𝑝𝑖| increases the value of the node’s P-centrality. This 

means that a centrality measure that belongs to the node has 

a higher impact on the score of the node, but the centrality 

measures of the predecessors are also effective. In an 

extended P-centrality measure, called EP-centrality measure, 

the predecessors in paths where lengths are 2, are also 

considered. In other words, the predecessor of the 

predecessor in the graph impacts the score of the node. The 

impact of the predecessor with a path length of 2 is less than 

the impact of a direct predecessor. To find a coefficient for 

the predecessor with length 2, two normalized edge weights 

are multiplied or simply: 

𝑐𝑤𝑣 =  𝑐𝑤𝑗  ∗  𝑐𝑗𝑣  (13) 
 

 Because 𝑐𝑤𝑗  and 𝑐𝑗𝑣 both have values between [0.1, 0.9], 

the value of cwv is small; which means a predecessor of a 

predecessor has less impact on the node compared to a direct 

predecessor. The score of the node i in the EP-centrality 

measure is calculated as below: 
 

EP − centrality𝑖 =  centrality𝑖 ∗ (|p𝑖  | + |q𝑖|) 
 

+ ∑ (centrality𝑣 ∗ 𝑐𝑣𝑖) + ∑ (centrality𝑤 ∗ 𝑐𝑤𝑖) 
w∈𝑞𝑖

 
v∈𝑃𝑖

 

(14) 

 where 𝑝𝑖  is the set of predecessors of node 𝑖, 𝑞𝑖 is the set 

of predecessors of the predecessors for node 𝑖 and 𝑐𝑣𝑖 is the 

coefficient obtained from the edge weight of v to i. 
After calculating the scores of all nodes, 𝑘 nodes with the 

highest scores are called influential users. The time 

complexity of the proposed measures depends on the time 

complexity of the centrality measure which is used.  

 To improve the effectiveness of P-centrality and EP-

centrality measures, a combination of centrality measures 

can be used as the centrality measure in computing the score 

of the nodes. By studying the features of basic centrality 

measures, the combination of degree centrality and K-shell 

centrality is chosen. This combination is called Node-Power 

(NP) which is the summation of normalized degree and 

normalized shell number in k-shell decomposition of a node. 

The NP of node 𝑣 is calculated as below: 

 

𝑁𝑃𝑣 =
|p𝑣 |

√∑ (|p𝑢 |)2
u∈N(G)

+
𝑠ℎ𝑒𝑙𝑙𝑁𝑢𝑚𝑏𝑒𝑟𝑣

√∑ (𝑠ℎ𝑒𝑙𝑙𝑁𝑢𝑚𝑏𝑒𝑟𝑢)2
u∈N(G)

  

(15) 

 where 𝑁(𝐺) is a list of nodes in the graph. Degree 

centrality is used instead of in-degree in undirected 

networks. The reason behind normalizing is that the value of 

having a neighbor and being in a higher shell aren’t the same. 

There are two reasons for choosing shell and degree 

centrality as NP: 

1.  K-shell and degree centrality have the highest correlation 

among pairs of basic centrality measures;  

2.  K-shell and degree centrality have the lowest time 

complexity among all basic centrality measures. 

 P-centrality and EP-centrality using NP for node i are 

calculated as below: 

 

𝑃 − 𝑁𝑃𝑖 = (𝑁𝑃𝑖  ∗  |𝑃𝑖|) + ∑ (𝑁𝑃𝑣  ∗  𝑐𝑣𝑖) 

v∈𝑃𝑖

                  (16) 

 

𝐸𝑃 − 𝑁𝑃𝑖 = 𝑁𝑃𝑖 ∗ (|𝑃𝑖| + |𝑞𝑖|) + ∑(𝑁𝑃𝑣  ∗  𝑐𝑣𝑖)

v∈𝑃𝑖

 

      + ∑ (𝑁𝑃𝑤  ∗  𝑐𝑤𝑖) 

w∈𝑞𝑖

 

(17) 

 where 𝑁𝑃𝑖  is the summation of normalized shell number 

and normalized degree centrality, 𝑃𝑖  is the set of predecessors 

of node 𝑖, 𝑞𝑖 is the set of predecessors of the predecessors for 

node 𝑖, and 𝑐𝑣𝑖 is the coefficient obtained from the edge 

weight of 𝑣 to 𝑖. 

 
4. Experimental results 

To demonstrate the effectiveness of the proposed measures, 

we applied them on four datasets. Table 1 shows the datasets.   
 

Table 1. Some statistical properties for datasets 
 

Dataset #Nodes #Edges 
Average 

degree 
type 

Twitter_mention 1587 11179 7.04 directed 

Seventh-graders 29 376 12.96 directed 

Residence hall 217 2672 12.31 directed 

Twitter_retweet 7073 441927 62.48 directed 

 
4.1. Twitter_mention 

This is a real-world network consisting of 1587 users and 

the edges indicate the mentioned relationship between them. 

To construct the graph the members of a community found 

by a community detection algorithm are utilized. All the 

tweets and replies of this group of users are gathered in a 

month. Then the mentioned relationships are extracted from 

the texts. If user 𝐴 mentions user 𝐵 in a tweet, there is an 

edge from 𝐴 to 𝐵. After constructing the graph, the strongest 

connected component is extracted. The edge weights show 

how often the user on the left mentioned the user on the right 

in this month. 

4.2. Seventh-graders 

In this directed network, nodes represent the seventh-grade 

students from a school in Victoria and directed edges show 

the students’ preferred classmates [18]. The edge weight 

shows how often the student on the left chose the student on 

the right as his favorite. In this graph, the edge weights 

consist of three values 1, 2, or 3. Figure 1 shows the structure 

of seventh-graders’ network with 29 nodes and 376 

weighted edges visualized by the software Gephi. The size 

of the node shows the value of its in-degree. The color of the 

edges represents the value of the weights. The distribution of 

the edge weights shows that most of the edges have a weight 

of 1 or 3. Normalized values of the edge weights 1, 2, and 3 

in seventh-graders network are equal to 0.1, 0.604, and 0.9 

respectively. 

https://cke.um.ac.ir/
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Figure 1.  Structure of seventh-graders network 

 

4.3. Residence hall 

It is a directed network containing 217 residents, living at a 

residence hall located on the Australian National University 

campus, as nodes and the edges represent the friendship 

between them [18]. Edge weights indicate the strength of 

each friendship tie. 

 

4.4. Twitter-retweet 

This is a real-world network in which the edges indicate the 

retweet relationship between the users. To construct the 

graph, the members of a community are utilized. The 

retweets of the users in a month are used to create the graph. 

If user 𝐴 retweets a tweet shared by user 𝐵, there is an edge 

from 𝐴 to 𝐵. The most strongly connected component is 

extracted as the graph. The edge weights show how often the 

user on the left retweets the user on the right in this month. 

 Figure 2 shows the process of finding coefficients to apply 

the impact of the predecessors on the nodes. Here, 30 

random edge weights of the Twitter-mention network are 

chosen and the coefficients are calculated. The final 

coefficients which are obtained by normalizing the 

logarithmic scaled values are shown in black in Figure 2. To 

compare the effectiveness of centrality, P-centrality, and EP-

centrality measures, four most popular centrality measures 

are chosen: degree centrality, betweenness centrality, 

PageRank centrality, and k-shell centrality. Some centrality 

measures like closeness and Katz have high time complexity 

and are not applicable for most large networks, so we ignored 

them in the experiments. 

 Table 2 shows the influence of each node measured by four 

different centrality methods in Seventh-graders network. The 

results of degree centrality, betweenness centrality, 

PageRank centrality, and k-shell centrality are determined 

for each node of the network. The most influential user found 

by degree centrality is the node with label 6, but the most 

influential user found by PageRank centrality is number 21. 

As shown in the table, the most influential users found by 

different centrality measures are not the same. Table 3 shows 

the 5 most influential nodes of Seventh-graders network in 

descending order. In this comparison, the top 5 users are 

identified by the normal centrality, P-centrality, and EP-

centrality measures. Five centrality measures such as degree 

centrality, betweenness centrality, PageRank centrality, and 

k-shell centrality are also used in this experiment. 

 There is a close similarity between the epidemic spread 

and information spread in social networks. To evaluate the 

spread power of the seed nodes, found by different measures, 

Susceptible-Infected-Recovered (SIR) [22] model is utilized. 

SIR model is an epidemic diffusion model that is widely used 

to examine the spreading influence of top ranked nodes. It 

divides the population into three classes. Each node is placed 

in one of the Susceptible (S), Infected (I), or Recovered (R) 

states. In the first step, the seed nodes are infected and all 

other nodes are placed in the susceptible state. In each step, 

infected nodes convert susceptible nodes into infected nodes 

with probability 𝛽 and the infected node enters into the 

recovered state with probability 𝛾. The recovered nodes 

cannot infect others anymore. Figure 3 shows the structure 

of SIR model.

 

 
 

Figure 2. Converting edge weights of 30 random edges in Twitter-mention network to coefficients 

 to determine the impact of the predecessors 
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Table 2. The influence of each node measured by different centrality measures in Seventh-graders network 
 

Node 
Degree 

centrality 

Betweenness 

centrality 

PageRank 

centrality 
K-shell centrality 

1 0.86 5.38 0.02 20 

2 1.11 31.50 0.03 20 

3 1.14 24.05 0.03 20 

4 1.07 14.28 0.02 20 

5 1.43 59.56 0.03 20 

6 1.54 74.52 0.04 20 

7 0.75 6.57 0.02 18 

8 1.21 12.41 0.06 20 

9 1.29 33.10 0.06 20 

10 0.93 11.71 0.03 20 

11 1.18 15.51 0.05 20 

12 0.96 8.87 0.05 20 

13 1.07 9.48 0.06 20 

14 0.93 2.68 0.04 20 

15 0.89 4.65 0.04 20 

16 0.46 31.27 0.03 11 

17 0.5 6.60 0.02 11 

18 0.29 0 0.02 8 

19 0.46 5.51 0.02 12 

20 1.07 7.20 0.05 20 

21 1.14 17.61 0.06 20 

22 0.89 27.40 0.02 16 

23 1.04 7.31 0.05 20 

24 0.93 17.18 0.02 20 

25 0.89 22.17 0.03 20 

26 1.07 10.53 0.04 20 

27 0.86 10.93 0.03 20 

28 0.43 3.96 0.02 12 

29 0.46 7.04 0.02 12 

 

 
Figure 3. Susceptible-Infected-Recovered (SIR) model 

  

 In Table 2, the centrality of “seventh grades” graph nodes 

is shown with four different measures, and in three of these 

measures, node number six has the highest score. In Table 3, 

the top five nodes are ranked using the combination of P-

centrality and EP-centrality with the previous four measures. 

 A SIR model is applied to the Seventh-graders network. 

The number of susceptible, infected, and recovered nodes are 

shown in Figure 4 for each step. The results are obtained by 

averaging 500 iterations on SIR model. The value of 𝛽 and 

𝛾 are considered 0.08 and 0.8, respectively. In this 

experiment, top 5 nodes obtained by degree centrality 

method are considered as initially infected nodes. At the end 

of the spreading process with 10 steps, there are 16.7 

recovered nodes out of 29 nodes in Seventh-graders network. 

 To verify the effectiveness of the measures, the correlation 

between the ranked list generated by SIR model and the 

ranked list generated by each centrality measure should be 

discussed. To generate a ranked list using the SIR model, the 

influence spread of each node should be calculated. To do 

this, for each node of the graph, we consider the node as an 

infected user and all other nodes are placed in the susceptible 

state. The number of recovered users at the end of the 

diffusion process is the spreading influence of the given 

node. The spreading influence of the nodes is creating a 

ranked list generated by SIR. In the next step, the scores 

assigned to the nodes by the centrality measures result in 

creating a ranked list generated by the measures. The 

correlation between these two ranked lists should be 

calculated. A well-known correlation coefficient, called 

Kendall (Kendall’s 𝜏 coefficient) [17], is a criterion for 
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determining the correlation between two same-sized random 

variables. It is used here to determine the correlation between 

these two ranked lists. The Kendall’s 𝜏 considers a set of 

pairs from two random variables 𝐴 and 𝐵 which are two 

ranked lists here. Any pair (𝐴𝑖  , 𝐵𝑖) and (𝐴𝑗  , 𝐵𝑗) are either 

concordant or discordant. They are said to be concordant if 

both (𝐴𝑖 > 𝐴𝑗)  and (𝐵𝑖 > 𝐵𝑗) or both (𝐴𝑖 < 𝐴𝑗) and (𝐵𝑖 <

𝐵𝑗). The pairs are called discordant if (𝐴𝑖 > 𝐴𝑗) and (𝐵𝑖 <

𝐵𝑗)  or (𝐴𝑖 < 𝐴𝑗)  and (𝐵𝑖 > 𝐵𝑗). Pairs where (𝐴𝑖 = 𝐴𝑗)  and 

(𝐵𝑖 = 𝐵𝑗) are neither concordant nor discordant. The 

Kendall’s 𝜏 coefficient is calculated as follows: 

𝜏 =
𝑛𝑐  −  𝑛𝑑

1
2

𝑛(𝑛 − 1)
                                                                       (18) 

 where 𝑛𝑐  is the number of concordant pairs and 𝑛𝑑 is 

number of discordant pairs, respectively. 𝜏 is a number 

between −1 and +1. The closer 𝜏 is to +1, the higher the 

correlation between the ranked lists, and therefore the more 

efficient the measure. 
 

Table 3. The Five most influential nodes identified by centrality 

measures, P-centrality measures, and EP-centrality measures in 

Seventh-graders network 
 

Centrality Measure A B C D E 

Degree 

centrality 

Centrality 6 5 9 8 11 

P-Centrality 9 8 11 6 21 

EP-Centrality 9 8 11 21 13 

Betweenness 
centrality 

Centrality 6 5 7 2 16 

P-Centrality 6 5 9 2 3 

EP-Centrality 6 9 5 2 21 

PageRank 
centrality 

Centrality 21 8 13 9 12 

P-Centrality 8 9 21 13 12 

EP-Centrality 8 21 9 13 11 

K-shell 

centrality 

Centrality 27 26 25 24 23 

P-Centrality 9 8 12 23 11 

EP-Centrality 8 11 9 21 12 

 

 
Figure 4. SIR model applied on Seventh-graders network with 

𝛽 =  0.08 and 𝛾 =  0.8. Top 5 nodes found by degree centrality 

measure are considered as initial infected nodes. The results were 

obtained by averaging 500 iterations. 

 

Table 4 shows the correlations between four centralities 

on normal centrality, P-centrality, and EP-centrality 

measures. Degree centrality, betweenness centrality, 

PageRank centrality, and k-shell centrality are compared 

with each other in this experiment. To find the correlation 

between the measures, Kendall’s τ is used. The average 

correlations for all the pairs in four networks show that the 

pair of degree centrality and k-shell centrality has the 

strongest correlation on all three normal centrality measures, 

P-centrality measures, and EP-centrality measures. The 

average correlations show that the weakest correlation 

belongs to the pair of betweenness and PageRank centrality 

for normal centrality. In P-centrality and EP-centrality 

measures the betweenness and k-shell pair has the weakest 

correlation. The results of Table 4 are shown in Figure 5. The 

Kendall’s τ for six pairs of centrality measures in three 

groups of centrality measure, P-centrality measure, and EP-

centrality measure are shown for four networks. As 

displayed in the figure, the correlation between the centrality 

measures in P-centrality and EP-centrality is greater than 

normal centrality. This means that considering the 

predecessors of the nodes increase the correlation between 

the measures. The highest increasing rank for correlation 

between centrality measures from normal centrality to P-

centrality or EP-centrality belongs to the pair of PageRank 

and k-shell. In this pair, τ value has increased by more than 

102% from normal centrality to P-centrality and more than 

115% from normal centrality to EP-centrality. The pair of 

degree and k-shell centrality causes the minimum increase in 

which τ value has increased by 14.91% and 21.08% from 

normal centrality to P-centrality and from normal centrality 

to EP-centrality, respectively. Figure 6 shows the 

comparison between normal centrality, P-centrality and EP-

centrality using Kendall’s τ. Experiments are done on 

datasets using four centrality measures: Degree centrality, 

betweenness centrality, PageRank centrality, and k-shell 

centrality. The τ values are compared on different values of 

β. On all the datasets, EP-centrality measures have the 

highest correlation with real spreading process SIR. 

Moreover, the improved centrality measures which consider 

direct predecessors to calculate the score of the nodes (P-

centrality) are more effective than the simple centrality 

measures but less effective than the extended ones on all the 

datasets. Betweenness centrality has the lowest τ value and 

k-shell using EP-centrality has the highest τ value among 

centrality measures on all the datasets. Betweenness 

centrality causes the maximum increase in τ in which τ value 

has increased by more than 158% from normal centrality to 

EP-centrality and the minimum increase belongs to 

PageRank centrality in all the networks. Table 5 shows the 

increasing rate for different centrality measures based on 

equation 18. In the Seventh-graders and Residence hall data 

set, the transformation of normal betweenness centrality to 

EP-centrality has the greatest improvement in 𝜏 value. In the 

Twitter-mention data set, the same conversion for the 

PageRank centrality and in the Twitter-retweet for the same 

conversion were the maximum in the k-shell centrality. The 

lowest amount of improvement for the three datasets of the 

Seventh-graders, Residence hall, and Twitter-retweet was 

for the conversion of the normal PageRank centrality to the 

PageRank in the EP-centrality mode, and for the Twitter-

retweet dataset, the same conversion was minimal in the k-

continuous centrality. This is in case that the transformation 

of centrality from P-centrality to EP-centrality is not 

considered and only the transformation from normal 
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centrality is considered. 
Figure 7 shows the comparison between centrality 

measures in normal centrality, P-centrality, and EP-

centrality measures. The Kendall’s τ values are obtained by 

averaging 100 iterations on SIR model. As displayed in the 

figure, the best and the worst centrality measures are not the 

same in different networks. K-shell centrality has the highest 

τ in Twitter-mention and the lowest τ in Twitter-retweet 

network. Moreover, as mentioned, the increasing rate of 

different centrality measures from normal centrality to P-

centrality and EP-centrality are not the same. 

Figure 8 shows Kendall’s τ values obtained by the ranked 

lists generated by SIR model and the ranked lists generated 

by centrality measures, P-NP, and EP-NP measures. Using 

NP in P-centrality and EP-centrality increases the value of τ. 

P-NP and EP-NP have the highest τ among all the centrality 

measures in all the networks. Moreover, EP-NP outperforms 

P-NP on all the datasets. The average τ values on all datasets 

show that the betweenness centrality has the lowest τ and EP-

NP has the highest τ values. The average τ values of EP-NP 

is 280% higher than τ value of betweenness centrality in all 

the networks. Figure 9 shows the Kendall’s τ values obtained 

by the ranked lists generated by SIR model and the ranked 

lists generated by centrality measures, P-centrality, and EP-

centrality measures with degree, k-shell and NP. In this 

experiment, the impact of using a combination of k-shell and 

degree centrality is shown. The combination of k-shell and 

degree centrality compared to using them separately in P-

centrality and EP-centrality shows that using NP increases 

the value of τ in all the networks. NP-P increases τ values of 

degree and k-shell in P-centrality with 4.8% and 2.8%, 

respectively. Moreover, the increase of τ in EP-NP compared 

to degree and k-shell centrality is 3.6% and 0.2%. 

 
Table 4. The correlations between centrality measures in four networks 

 

Network Measure 𝛕(𝑪𝑫 , 𝑪𝑩) 𝛕(𝑪𝑫 , 𝑪𝒑𝒈) 𝛕(𝑪𝑫, 𝑪𝒌𝒔𝒉) 𝛕(𝑪𝑩 , 𝑪𝒑𝒈) 𝛕(𝑪𝑩 , 𝑪𝒌𝒔𝒉 𝛕(𝑪𝒑𝒈 , 𝑪𝒌𝒔𝒉 

Twitter-mention 

Centrality 0.73 0.53 0.93 0.53 0.67 0.50 

P-Centrality 0.81 0.81 0.87 0.77 0.69 0.74 

EP-Centrality 0.84 0.84 0.95 0.80 0.80 0.83 

Seventh-graders 

Centrality 0.49 0.49 0.64 0.20 0.28 0.44 

P-Centrality 0.62 0.79 0.85 0.55 0.50 0.86 

EP-Centrality 0.58 0.87 0.93 0.59 0.55 0.89 

Residence hall 

Centrality 0.61 0.55 0.70 0.40 0.40 0.45 

P-Centrality 0.78 0.84 0.91 0.69 0.73 0.87 

EP-Centrality 0.80 0.86 0.92 0.74 0.75 0.90 

Twitter-retweet 

Centrality 0.59 0.34 0.92 0.49 0.54 0.28 

P-Centrality 0.79 0.77 0.95 0.77 0.76 0.76 

EP-Centrality 0.84 0.81 0.97 0.81 0.82 0.82 

  

                
(a) Twitter-mention Network            (b) Seventh-graders Network 

 

               
(c) Residence hall Network             (d) Twitter-retweet Network 

 

Figure 5. Radial plot of the Kendall τ for six pairs of centrality measures in three groups of centrality measure, P-centrality measure, and 

EP-centrality measure analyzed in four social networks 
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(a) Twitter-mention Network 

 
(b) Seventh-graders Network 

 
(c) Residence hall Network 

 
(d) Twitter-retweet network 

 

Figure 6. The Kendall’s τ values obtained by the ranked lists generated by centrality measures and the ranked lists generated by SIR 

model. The results were obtained by averaging 100 iterations on the SIR model, γ = 0.8, with different values of β. 

 

Table 5. Increasing rate for different centrality measures 
 

Centrality Measure 
Twitter-

mention 

Seventh-

graders 

Residence 

hall 

Twitter-

retweet 

Normal → 

P-

centrality 

Degree 20.37% 42.58% 27.20% 53.28% 

Betweenness 42.83% 352.24% 73.09% 46.87% 

PageRank 36.29% 8.08% 14.42% 19.36% 

k-shell 9.32% 40.30% 27.81% 60.80% 

Normal →
 EP-

centrality 

Degree 31.71% 60.56% 35.17% 63.34% 

Betweenness 50.33% 441.79% 89.68% 50.93% 

PageRank 52.45% 11.95% 23.19% 27.08% 

k-shell 29.60% 45.39% 41.68% 76.12% 

P-

centrality 

→ EP-

centrality 

Degree 9.42% 12.61% 6.26% 6.56% 

Betweenness 5.25% 19.80% 9.59% 2.76% 

PageRank 11.86% 3.58% 7.67% 6.47% 

k-shell 18.55% 3.63% 10.85% 9.53% 
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(a) Twitter-mention Network 

 

 
(b) Seventh-graders Network 

 

 
(c) Residence hall Network 

 

 
(d) Twitter-retweet network 

 

 

Figure 7. The Kendall’s τ values obtained by the ranked lists generated by SIR model and the ranked lists generated by centrality 

measures, P-centrality measures, and EP-centrality measures. The results were obtained by averaging 100 iterations on the SIR model, γ 

= 0.8 with different values of β. 
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(a) Twitter-mention Network                       (b) Seventh-graders Network 

 
 

(c) Residence hall Network                               (d) Twitter-retweet Network 
 

Figure 8. The Kendall’s τ values obtained by the ranked lists generated by SIR model and the ranked lists generated by centrality 

measures, P-NP, and EP-NP measures. The results were obtained by averaging 100 iterations on the SIR model, γ = 0.8 with different 

values of β. 

 

 
(a) Twitter-mention Network                                         (b) Seventh-graders Network 

 
 

(c) Residence hall Network                                               (d) Twitter-retweet Network 
 

Figure 9. The Kendall’s τ values obtained by the ranked lists generated by SIR model and the ranked lists generated by centrality 

measures, P-centrality, and EP-centrality measures with degree, k-shell and NP. The results were obtained by averaging 100 iterations on 

the SIR model, γ =0.8 with different values of β. 
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5. Conclusion 

In this paper, we proposed an improvement on centrality 

measures, called P-centrality measure, to find influential 

users in a social network. This measure uses the centrality 

measure of the node and its predecessors to calculate the 

score of the node. To calculate the impact of the 

predecessors, we defined a coefficient obtained by the 

number of interactions between the users for the centralities 

of the predecessors. The nodes with higher scores are 

considered as influential users to spread the information in 

the network. We also proposed an extended measure called 

EP-centrality measure in which the predecessors of the 

predecessors also impact the score of the node. A 

combination of two centrality measures is defined to 

improve the performance of the proposed metrics. This 

combination, called NodePower (NP), is a summation of 

normalized degree centrality and normalized shell number in 

k-shell centrality which is used as the centrality in P-

centrality and EP-centrality metric. The time complexity of 

the proposed measures depends on the time complexity of 

the centrality measure which is used. To evaluate the 

effectiveness of the measures, Susceptible-Infected-

Recovered (SIR) model is used. The correlation between 

ranked list obtained by the measures and ranked list obtained 

by the SIR model is calculated using Kendall’s τ coefficient. 

Four centrality measures are chosen for the experiments 

called degree centrality, betweenness centrality, PageRank 

centrality, and k-shell centrality. The results show that EP-

centrality measure outperforms normal centrality and P-

centrality measures. Moreover, P-centrality measure 

performs better than the normal centrality measure. In future 

work, Independent Cascade Model (ICM) model can be used 

instead of SIR model and the results of these two models can 

be compared. 
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